Topology preservation is a crucial issue of digital topology. Various applications of binary image processing rest on topology preserving operators. Earlier studies in this topic mainly concerned with reductions (i.e., operators that only delete some object points from binary images), as they form the basis for thinning algorithms. However, additions (i.e., operators that never change object points) also play important role for the purpose of generating discrete Voronoi diagrams or skeletons by influence zones (SKIZ). Furthermore, the use of general operators that may both add and delete some points to and from objects in pictures are suitable for contour smoothing. Therefore, in this paper we present some new sufficient conditions for topology preserving reductions, additions, and general operators. Two additions for 2D and 3D contour smoothing are also reported.
Introduction
Digital topology deals with the topological properties of binary digital pictures and image processing operators [1, 2, 3, 5, 8] . Elements of binary pictures have value 0 or 1. Reduction (or reductive [2] ) operators never change (delete) a 0 to 1, additions (or augmentative [2] ) never turn a 1 into 0. Operators which are neither reductions nor additions fall into the general (reductive-augmentative [2] ) category.
Some applications of image processing put a particular emphasis on topology preservation. A widely investigated class of such operators is constituted by thinning algorithms which iteratively peel the boundary of binary objects until their skeleton-like shape feauture (i.e., topological kernel, centerline in 2D and 3D, and medial surface in 3D) is extracted [6, 10, 12, 15] . Another example for topology preserving transformations is the generation of skeleton by influence zones (SKIZ), which founds on the thickening of foreground elements (or the thinning of the background) of the image [14] . This structure separates each image object into distinct regions, and serves as a discrete equivalent for Voronoi diagrams. Besides the former operators, topological correctness may also be required for contour smoothing if it is, for example, combined with thinning algorithms to reduce their noise sensitivity [11] .
Most of earlier works focus only on some sufficient conditions for topology preserving reductions to apply them for thinning [7, 13] . However, the structure determined by the SKIZ rests on topological preserving additions. Furthermore, in contour smoothing the use of both reductions and additions could play important roles, as the boundary of binary objects may contain both small protrusions to remove and small pits to fill [8] .
According to our best knowledge, there are no similar criteria for additions and general operators as earlier proposed for reductions. In our present work we mainly intend to fill this gap: we give some sufficient conditions for topology preserving additions and general operators on the most important types of 2D and 3D binary pictures.
The rest of this paper is organized as follows. First, Section 2 introduces the basic notions and results of digital topology. Then, in Section 3 we review some existing sufficient conditions for reductions and propose some simplifications on them. In Section 4, we formulate a duality property of reductions and additions, we propose some sufficient conditions for additions, whose usefulness is illustrated in Section 5 by two additions for contour smoothing. Section 6 cares with the topology preservation of general operators. Finally, we round off the paper with some concluding remarks.
Basic Notions and Results
Our work leans on the basic concepts of digital topology. For this reason, before we discuss the main topics of this paper, below we shortly summarize those notions, where we follow the terminology introduced in [5] .
The elements of the nD digital space Z n (n = 2, 3) are called points. For a point p ∈ Z n , N j (p) (j = 4, 8 for the n = 2 case, and j = 6, 18, 26 for the case when n = 3) denotes the set of points being j-adjacent to point p and let N composed by eight mutually 26-adjacent points. Furthermore, in Z 3 we call the set of three mutually 18-adjacent but not 6-adjacent points as a diagonal triangle. Figure 2 illustrates examples for a unit square, a unit cube, and a diagonal triangle. Figure 1 . Frequently used adjacencies in Z 2 (a). The set N 4 (p) contains the central point p and the 4 points marked " ". The set N 8 (p) contains N 4 (p) and the 4 points marked "▽". The most important adjacency relations in Z 3 (b). The set N 6 (p) contains p and the 6 points marked "△". The set N 18 (p) contains N 6 (p) and the 12 points marked " ". The set N 26 (p) contains N 18 (p) and the 8 points marked "⋄".
• Figure 2 . A unit square, a unit cube, and a diagonal triangle sharing point p and consisting of further points depicted by " ", "•", and " ", respectively.
The sequence of distinct points x 0 , x 1 , . . . , x m is called a j-path of length m from point x 0 to point x m in a non-empty set of points X if each point of the sequence is in X and x i is j-adjacent to x i−1 for each i = 1, 2, . . . , m. Note that a single point is a j-path of length 0. Two points are said to be j-connected in the set X if there is a j-path in X between them A set of points X is j-connected in the set of points Y ⊇ X if any two points in X are j-connected in Y .
An nD (k,k) binary digital picture (Z n , k,k, B) is a quadruple [5] , where Z n is the set of nD discrete points ((k,k) = (8, 4) , (4, 8) for the n = 2 case, and (k,k) = (26, 6), (6, 26) for the case when n = 3). We note that (8, 4) and (26,6) pictures are generally considered in 2D and 3D, respectively. Each point in B ∈ Z n is called a black point and has a value of 1 assigned to it. Each point in Z n \ B is called a white point and has a value of 0 assigned to it. An object is a maximal k-connected set of black points, while a white component is a maximalk-connected set of white points.
The inverse of a picture P = (Z n , k,k, B) is another picture (Z n ,k, k, Z n \ B), which we denote by P −1 . A general operator transforms a binary picture by modifying the color of some points. For any operator O and any picture P let us denote by O(P) the picture that is produced after O is applied on P. If an operator changes only black points to white ones, then we call it as a reduction, while if it turns only white points into black ones, then we refer to it as an addition. Let R be a reduction on (k,k) pictures and let A be an addition on (k, k) pictures. We call the operators R and A the dual versions of each other, if R(P −1 ) = (A(P)) −1 for any picture P. A point in a picture is said to be a simple point, if the topology of the picture does not depend on the color of that point [5] . If p is simple in a (k,k)-picture, then we refer to it as a (k,k)-simple point. Let P be a (k,k) picture, O be a general operator, and S be the set of all points in P that are modified by O. We say that S is a simple set, if the elements of S can be arranged in a simple sequence s 1 , . . . , s m such that s 1 is simple and each s i is simple after the colors of points in the set {s 1 , . . . , s i−1 } are modified in P, for i = 2, . . . , m. (By definition, let the empty set be simple.) As a direct consequence of the definitions of topological equivalency and simple sets we can formulate the following condition for topology preservation. Let P 1 and P 2 be two (k,k) pictures. We say that P 1 and P 2 are topologically equivalent, and we denote this relation as P 1 ≈ P 2 , if P 2 can be obtained from P 1 by succesive deletion or addition of simple points [5] . Using this notion we can rewrite Theorem 1 as follows:
Theorem 2 Operator O is topology preserving if and only if O(P) ≈ P for any picture P.
Lemma 1 Relation "≈" is an equivalence relation.
Proof. A picture is obviously topologically equivalent to itself, hence, "≈" is reflexive.
We denote by P 1 , P 2 , and P 3 some binary pictures. Let P 1 ≈ P 2 . This means that P 2 can be produced from P 1 by the modification of simple points in a simple sequence. Then, if we reverse that sequence and modify those simple points one by one starting from P 2 , we get back P 1 , thus P 2 ≈ P 1 , therefore, "≈" is symmetric.
Let P 1 ≈ P 2 and P 2 ≈ P 3 . This means that we get P 2 from P 1 and P 3 from P 2 by the modification of some simple points in a given simple sequences S 1 and S 2 , respectively. If we consider the simple sequence S 3 as a concatenation of S 1 and S 2 , then we get that sequentially changing the color of points of S 3 starting from P 1 results in P 3 . As only simple points are modified during this conversion, P 1 ≈ P 3 also holds, thus "≈" is transitive.
2
The notion of simple point has various characterizations. Here we refer to the following ones: 
Any two points in
(4,8)-and (6,26)-simple points can be characterized similarly to (8,4)-and (26,6)-simple points by considering the duality between them formulated in the following theorem.
26)) if and only if it is simple in
Based on Theorems 3 and 4, the simplicity of a point p can be decided by examining the set N j (p) (j = 8, 26), hence it is a local property. Some configurations of simple and non-simple points are shown in Figs. 3 and 4.
It is important to emphasize that the simultaneous modification of the color of some simple points may not result in a topology preserving operator. Let us consider for example the (8,4) picture in Fig. 5 , and the reduction and addition that change exactly the points on it being shown in gray in Fig. 5b-c. 
Topology Preserving Reductions
In this section, we focus on the most important sufficient conditions that ensure topology preservation for 2D and 3D reductions.
For (8, 4) and (4, 8) pictures, Ronse derived the following results.
Theorem 6 [7, 13] A reduction R is topology preserving, if all of the following conditions hold for any picture (Z 2 , k,k, B) ((k,k) = (8, 4), (4, 8) ).
1. Only simple pixels are deleted by R.
For any twok-adjacent black pixels
• 
If (k,k) = (8, 4), R never deletes any object contained in a unit square.
Here we give a simplified version of the above criteria: (4, 8) ).
Theorem 7 A reduction R is topology preserving, if all of the following conditions hold for any picture
For any twok-adjacent black pixels
3. If (k,k) = (8, 4), R never deletes any object contained in a unit square that has two 8-adjacent but not 4-adjacent black points.
Proof. Theorem 6 differs from our one just in Conditions 2 and 3. Let us suppose that R removes black points p, q ∈ B, and q is simple in P p = (Z 2 , k,k, B\{p}). For the case of Condition 2, we have to show that p is simple in
. By Condition 1, p and q must be simple. Therefore, P ≈ P p ≈ P q . By our assumption on p and q, {p, q} is a simple set, therefore P ≈ P p,q . By Lemma 1, P q ≈ P p,q also holds, which means that p must be also simple in P q .
Unlike Condition 3 of our theorem, Condition 3 of Theorem 6 also examines the objects composed by one or two 4-adjacent black points. However, an isolated black point is obviously non-simple, while the deletion of any of the points in the mentioned two-point object would also result in an isolated (i.e., non-simple) black point. Therefore these objects cannot be deleted, as they do not satisfy Condition 1 or 2 of our theorem. 2
In [7] , Ma gave some sufficient conditions for topology preserving reductions on (26,6) and (6,26) pictures.
Theorem 8 [7]
A reduction R on (26, 6) pictures is topology preserving if, for any (26, 6) picture P, both of the following conditions hold.
Every set of black points of P that is contained in a
unit square and is deleted by R is simple.
2. R does not delete any object of P that is contained in a unit cube.
Theorem 9 [7]
A reduction R on (6, 26) pictures is topology preserving if, for any (6, 26) picture P, both of the following conditions hold.
1. Every set of black points of P that contains at most two points and is deleted by R is simple.
Every set of black points of P that is a contained in a diagonal triangle and is deleted by O is simple.
Again, we propose some simplifications of the latter two theorems. Although all modified points depicted in gray are simple, these operators are not topology preserving: the reduction splits an object into two components, deletes another object, and merges the background with a white component, while the addition fills a white component, and merges two objects. These pictures are represented on the square grid that is dual to Z 2 .
Every set of black points of P that is contained in a unit square and is deleted by R is simple.

R does not delete any object of P contained in a unit
cube that has two 26-adjacent but not 18-adjacent black points.
Proof. The only difference between Theorem 8 and our theorem is that, unlike Condition 2 of the latter one, Condition 2 of the former one also examines objects contained by a unit square. However such an object constitutes a nonsimple set, as if we sequentially delete its points in any order, the last remaining point always becomes an isolated (i.e., non-simple) point. Therefore, these objects cannot be deleted by Condition 1. 2
Theorem 11
Every set of black points of P that contains at most two 26-adjacent points and is deleted by R is simple.
Every diagonal triangle of black points of P that is deleted by R is a simple set.
Proof. Unlike Condition 1 of Theorem 9, Condition 1 of our theorem is restricted to the examination of 26-adjacent points, as by Theorem 4, the simplicity of point p only depends on N * 26 (p). Unlike Condition 2 of Theorem 9, Condition 2 of our theorem does not examine the cases when a diagonal triangle contains only one or two black points. However, such objects are composed by isolated (i.e., non-simple) points, or two 18-adjacent points which do not constitute a simple set, as if we remove any of the element of the latter two-point object, the remaining point also becomes isolated (i.e., non-simple). Hence, these cases are covered by Condition 1. 2
Topology Preserving Additions
The aim of this section is to introduce a relationship between reductions and additions that are dual to of each other.
Theorem 12 Let
A be an addition and R be a reduction that is dual to A, and let P = (Z n , k,k, B) an arbitrary picture. A(P) ≈ P if and only if R(P −1 ) ≈ P −1 .
Proof. Let S ⊂ (Z n \ B) the set of points removed by R from P −1 . It is obvious that R is topology preserving for P −1 if and only if S is a simple set in P −1 . This by definition means that there exists a sequence s 1 , s 2 , . . . , s m of the elements of S such that s 1 is simple in P −1 and s i is simple in (Z n , k,k, B \ {s 1 , s 2 , . . . , s i−1 }) (i = 2, . . . , m). By Theorem 5, this holds if and only if there exists a sequence s 1 , s 2 , . . . , s m of the elements of S such that s 1 is simple in P and s i is simple in (Z n , k,k, B ∪ {s 1 , s 2 , . . . , s i−1 }) (i = 2, . . . , m). Again, by the definition of simple sets, this means that S is a simple set on picture P, which holds if and only if A is topology preserving for P. 2
Using the above duality theorem, we give below some sufficient conditions for topology preserving additions on (8, 4) and (26,6) pictures. Although, similar conditions could be also derived for the (4, 8) and (6, 26) cases, here we do not focus on those pictures. 
Theorem 13 An addition
Every set of white points of P that contains at most two 26-adjacent points and is added by
A is simple.
Every diagonal triangle of white points of P that is added by A is a simple set.
Proof. Let reduction R be the dual version of A. It is obvious that R satisfies the conditions of Theorem 11, therefore it is topology preserving. Hence, by Theorem 12 addition A is also topology preserving. 2
Two Examples for Topology Preserving Additions
As an illustration of the usefulness of the above conditions for additions working on (8, 4) and (26,6) pictures, we give here examples for both of such additions, and we prove their topological correctness using the conditions of Theorems 12 and 13. For this purpose, let us consider the addition A-2D for (8,4) pictures, which is defined by the matching templates shown in Fig. 6 , and the addition A-3D for (26,6) pictures, which is determined by the matching templates in Fig. 7 : these additions turn a white point p into black if p matches one of their templates. One can easily note that the introduced operators can fill small pits along the contour of objects, thus they can be applied for contour smoothing.
• ⋄ • • rotations and reflections are also templates of A-2D (k = 1, 2, 3). The central point p and the positions coinciding with points denoted by "•", "⋄" are white, while the points depicted by "•" are black.
Proposition 1 Each point modified by
A-2D has at least three black 4-neigbors.
Lemma 2 All the points modified by A-2D are simple.
Proof. It is obvious by a careful examination of templates of A-2D and by Proposition 1 that both conditions of Theorem 3 hold, and this concludes the statement of the lemma. • • rotations and reflections are also templates of A-2D (k = 1, 2, 3). The central point p and the positions coinciding with points denoted by "•", "⋄", q, and r are white, while the points depicted by "•" are black.
Proof. It is easy to see that any point coinciding with "⋄" is 4-adjacent to at least two white points. Hence those points cannot be modified by A-2D by Proposition 1.
Theorem 15 Addition A-3D is topology preserving.
Proof. We show that both conditions of Theorem 13 hold for A-2D. Let p be a white point that is modified by A-2D. Without loss of generality we can assume that p is matched by T • Point p is simple by Lemma 2, hence, Condition 1 of Theorem 13 is satisfied.
• By Lemma 3, A-2D does not change the points denoted by "⋄" in the templates depicted in Fig. 6 . Furthermore, the simplicity of p does not depend on the points marked by "•" in T 
Proof.
The careful examination of templates of A-3D makes obvious that both conditions of Theorem 4 are fulfilled, therefore the statement of the lemma holds. 2 Proof. The careful examination of those templates makes obvious that none of the points denoted by "•" may be bound by a 3 × 3 segment of only black points or only white points. Therefore, the lemma holds by Proposition 2. 2 Theorem 16 Addition A-3D is topology preserving.
Lemma 5 Positions denoted by "•" on templates T
Proof. We show that conditions of Theorem 14 hold for A-3D.
• Let us suppose that p matches T • Now let us examine the situation when p matches T 3 2 or any of its transformations. Again, p is simple by Lemma 4, and it remains simple even if q is modified by A-3D. By Lemma 5 we can state that the actually examined template does not have any other white point changed by A-3D, therefore, Condition 1 of Theorem 14 holds. Furthermore, similarly to the previous case, Lemma 5 also implies that at most the points depicted by "⋄" may be changed in N * 26 (p) by A-3D, which again means that p may not be a member of a diagonal triangle of white points fully modified by A-3D. Therefore, Condition 2 of Theorem 14 does not need to be taken into consideration.
• Finally, let us suppose that p matches T (8, 4) binary picture (left) and the picture produced by A-2D from it (right). These pictures are represented on the square grid that is dual to Z 2 . Figure 9 . A (26,6) binary picture (left) and the picture produced by A-3D from it (right). These pictures are represented on the cubic grid that is dual to Z 3 .
Topology Preserving General Operators
In Sections 3 and 4 we have already discussed some sufficient conditions for special operators (i.e., reductions and additions), but the question still remains, how to verify the topological correctness of general operators. For this purpose, we are to propose a condition (see Theorem 17 below) that is strongly based on the following lemma. 
Theorem 17 A general operator O is topology preserving if there exists a topology preserving addition A and a topology preserving reduction R such that O(P) ≈ A(R(P)) or O(P) ≈ R(A(P)) for any picture P.
Proof. By Lemma 6, P ≈ A(R(P)) and P ≈ R(A(P)), hence O(P) ≈ P. 2
We note that the above condition is sufficient but not necessary to preserve the topology. This can be easily seen by the counter example of Fig. 10 . Let P be the (8,4) picture shown in Fig. 10a . Let us suppose that a general operator O modifies the white points denoted "⋄" and "△, and the black points denoted " " and " ". Let A be an addition that turns exactly the white points "⋄" and "△" into black ones, and let R be the reduction that deletes exactly the black points " " and " ". Then, it is obvious that neither A(P) ≈ P, nor R(P) ≈ P (see Fig. 10b-c) is satisfied. However, if we consider the sequence △, , ⋄, and change those points one by one starting from P according to this sequence, we can observe that the set composed by the mentioned four points is a simple set, i.e., picture O(P) (see Fig. 10d ) is topologically equivalent to P.
• Figure 10 . A counter example to show that Theorem 17 provides sufficient but not necessary conditions for topology preservation. The original picture P (a), picture R(P) (b), picture A(P) (c), and picture O(P) = A(R(P)) = R(A(P)) (d).
Conclusion
In this paper we have introduced some simplified versions of existing sufficient conditions for topology preserving reductions proposed by Ronse and Ma. We have also presented a duality theorem between additions and reductions, and using this result we have given some sufficient conditions for topology preserving additions on (8, 4) and (26,6) pictures. As a further result, we have also formulated a sufficient criterion for the topological correctness of general operators.
As the next step of this research we intend to devise a method that constructs from the deletion conditions of a general operator O an addition A and a reduction R such that one of the compositions of A and R is topologically equivalent to O.
